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Abstract 

We obtained the C a continuity for weak solutions of a class of 
ultraparabolic equations with measurable coefficients of the form 

d t u = d x (a(x, y, t)d x u) + b (x, y, t)d x u + b(x, y, t)d y u, 

which generalized our recent results on KFP equations. 

keywords: Hypoelliptic, ultraparabolic equations, Holder regularity 

1 Introduction 

Consider a class of ultraparabolic operator on R 2+1 : 

(1.1) Lu = d x (a(x,y,t)d x u) + b (x,y,t)d x u + b(x,y,t)d y u - d t u = 0, 

where (x, y,t) = z G ft C R 2+1 , a(z), b (z) and b(z) is real, measurable 
functions. We assume that b(z) is twice differentiable, and there exists a 
positive constant /i such that for zGfl, 

db(z) 

(1.2) ii < a{z) < fjL- 1 , -^^^ \ b \c* + \bo\oo < VT X - 
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Also, we denote 



(1.3) 



L u = d x u + xdyU — d t u — 0, 



(1.4) 



Liu = d x (a(x, y, t)d x u) + xd y u — d t u — 0, 



and 



(1.5) 



L 2 u = d x (a(x, y, t)d x u) + b (x, y, t)d x u + xd y u — d t u — 0. 



We remark that the equation (1.3) and (1.4) are the examples of 3- 
dimension homogeneous Kolmogorov-Fokker- Planck equations (or KFP equa- 
tions). The condition |^ ^ ensures (1.1) satisfies Hormander's hypoellip- 
ticity conditions, 



The study of regularity of the KFP equation has a long history, and the 
earlier works are mainly on the Schauder type estimates. The study of regu- 
larity of weak solutions is begun in recent years. A recent paper of Pascucci 
and Polidoro [6], has proved that the Moser iterative method still works for 
the class of KFP equations with measurable coefficients. By the same tech- 
nique, Cinti, Pascucci, Polidoro [1] consider a class of nonhomogeneous KFP 
equations, and Cinti, Polidoro [2] deal with a more general ultraparabolic 
equation. Their results show that for a non-negative sub-solution u of the 
ultraparabolic equation, L°° norm of u is bounded by the LP norm (p > 1). 
The second author [10], [11] has proved C a property of weak solutions by 
Kruzhkov's approach for homogeneous KFP equations, and the authors deal 
with nonhomogeneous KFP equations in [7] . By simplifying the cut-off func- 
tion and generalizing their earlier arguments, the authors [8] have considered 
more general ultraparabolic equations whose fundamental solution is implicit. 



rank Lie^, bd y — d t )(z) = 3, Wz e fi. 
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We are not try to review the detailed history, but focus on the study of the 
Holder continuity of a simple looking case. In this paper, we give another 
generalization of KFP equations in R 2+1 and consider the hypoelliptic oper- 
ator as L in (1.1). 

We say that u is a weak solution if it satisfies (1.1) in the distribution 
sense, that is for any (j) G C^°(fi), f2 is a open subset of R 2+1 , then 

(1.6) / (f)(b d x + bd y - d t )u - ad x (f)d x u = 0, 

J f2 

and u, d x u, bd y — d t u G Lf oc (D). 

Our main result is the following theorem: 

Theorem 1.1 Under the assumption (1.2), the weak solution of (1.1) is 
Holder continuous. 



2 Some Preliminary and Known Results 

We follow the earlier notations to give some basic known properties related 
to our problems. For more details of the subject, we refer to Pascucci and 
Polidoro [6] and Lanconelli and Polidoro [5]. 

Let B = ^ ° Q J ^, and E(r) = exp(-rB T ) = 

For (x,y,t),(£,r],T) G R 2+1 , set 

Or, y, t) o (£, 77, r) = ((^, n) + E(r)Q,t + r), 

then (R 2+1 , o) is a Lie group with identity element (0, 0), and the inverse of 
an element is (x, y.i)^ 1 = (—E(—t)(y),—t). The left translation by (^,^,r) 
given by 

(x,y,t) h-> (£,?7,t) o (x,y,t), 
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is a invariant translation to the operator Lq. The associated dilation to 
operator L Q is given by 

S t = diag(t, t 3 , t 2 ), 

where t is a positive parameter, and the homogeneous dimension of (R 2+1 , °) 
with respect to the dilation 5 t is 6. 

The norm in R 2+1 , related to the group of translations and dilation to 
the equation is defined by \\(x, y,t)\ \ = r, if r is the unique positive solution 
to the equation 

x 2 y 2 t 2 
h — H = 1, 

/y 2 .y*6 f 

where (x,y,t) e R 2+1 \ {0} . And ||(0,0)|| = 0. Obviously 

¥»(x,y,t)\\ = n\\(x,y,t)\\, 

for all (x,y,t) G R 2+1 . 

The ball centered at a point (xo,to) is defined by 

B r (x ,t ) = {(x,t)\ ||(a:o,to) _1 o (x,t)\\ < r}, 

and 

B~(x ,t ) = B r (x ,t ) n{t< t }. 

For convenience, we sometimes use the cube instead of the balls. The cube 
at point (0, 0) is given by 

Cr(0,0) = {(x,y,t)\ \x\ < r, \y\ < 8r 3 , \t\ < r 2 }. 

It is easy to see that there exists a constant A such that 

C i (0,0)cS r (0,0)cC Ar (0,0). 

For L , the fundamental solution r(-, () with pole in C = (^, rj, t) e R 2+1 
is smooth except at the diagonal of R 2+1 x R 2+1 . It has the following form 
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at C = 0, 

(2.1) r(z) = r(z,o) = { S e M-U x2 + l x y + wy 2 )] i| J>o- 

and 

(2.2) r(z,o = ( 2 -c— ) 2 p[ ^ ) 2 (*--) 3j ' 

V ; V ; 1 if i < r. 

Obviously we can derive from the above formula, 

(2.3) r(x,y,t;£,ri,T)dxdy= r(x,y,t;Z,r},T)d£dri=l, if t > r, 
and 

(2.4) %o 2 ) =/1 - 4 r(4 Vz^O, /i>0. 

A wea/c sub-solution of (1.5) in a domain f2 is a function u such that w, 
d x u, (xd y - d t )u e Lf oc (fl) and for any <fi e C£°(Q), > 0, 

(2.5) / <f){b d x + xdy - d t )u - (d x u)ad x <f> > 0. 

J f2 

We recall a result of Pascucci and Polidoro obtained by using the Moser's 
iterative method (see [6]) states as following 

Lemma 2.1 Let u be a non-negative weak sub-solution of (1.4) in VL. Let 
(xo,to) ^ ^ an d B~(xo,to) C f2 and p > 1. T/ien i/iere exzsfe a positive 
constant C which depends only on the operator L such that, for < r < 1 



(2 ' 6) ™ P **£/b 
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provided that the last integral converges. 
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The second author [10] proved the following result. 



Theorem 2.1 If u is a weak solution of (1-4), then u is Holder continuous. 

Using the same technique, we can obtain the similar result to the equation 
(1.5). 

Theorem 2.2 If u is a weak solution of (1.5), then u is Holder continuous. 

In section 3, we shall sketch the proof of this theorem first. We mainly focus 
on the proof of the oscillation estimates. Then we give a transformation as 
Weber in [9] and complete the proof of Theorem 1.1. 

We make use of a classical potential estimates (see (1.11) in [3]) here to 
prove the Poincare type inequality. 

Lemma 2.2 Let (R N+1 , o) is a homogeneous Lie group of homogeneous di- 
mension Q + 2, a G (0, Q + 2) and G G C(R N+1 \ {0}) be a S ^-homogeneous 
function of degree a — Q — 2. If f E L P (R N+1 ) for some p G (1, oo) 7 then 

G f (z)= I ' G(C 1 oz)f(C)dC, 

is defined almost everywhere and there exists a constant C = C{Q,p) such 
that 

(2.7) 11^/11^(^+1) < C max \G(z)\ ||/||lp(h^+i), 

where q is defined by 

1 _ 1 a 
q~ p~ Q + 2' 

Corollary 2.1 Let f G L 2 (R 2+l ), and recall the definitions in [6] 
T(J)(z)=f r(z,C)/(C)d£ Vz G i? 2+1 , 
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and 

IW)(*) = -j R2+i d^(z,C)f(C)dC, e R 2+ \ 

then exists an absolute constant C such that 

(2.8) ||r(/)|| < C||/|| L2(ii2+1) , 

and 

(2.9) l|r(^/)|| L2fc(fi2+1) <c||/|| L2(R2+1) , 

where k — 3, k — I. 



3 Proof of Theorem 2.2 



Outline of the proof of Theorem 2.2: 

Step 1: L°° estimate via Moser iteration. It can be checked that the same 
Caccioppoli type inequality holds ( See Theorem 3.1, [6]), since 

JBi 2 JBj JBi 

In order to use the Moser iteration, one need to prove a Sobolev type 
inequality. It can be proved that the Sobolev type inequality holds for non- 
negative weak sub-solution ( See Theorem 3.3 in [6]). Here one may deal 
with j Br [T(z, ^vbodxip}^) as I 2 in [6]. Then one can obtain the L°° estimate 
as in Lemma 2.1. 

Step 2: Oscillation estimates. 

This is obtained in Lemma 3.6. We shall focus on this parts in the 
following discussions. 

Step 3: Holder regularity. 
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This is followed by the oscillation estimated by a standard argument. 

Now we turn to the proof of main results. We may consider the local 
estimate at a ball centered at (0,0), since the equation (1.4) is invariant 
under the left translation when a is constant. We follow the same route as 
[10], [7] and [8]. For convenience, we consider the estimates in the following 
cube, instead of B~ , 

C~ = {(x,y,t)\ -r 2 <t< 0, \x\ < r, \y\ < (2r) 3 }. 

Let 

K r = {(x,y)\ \x\<r, \y\ < (2r) 3 }. 
Let < a, (3 < 1 be constants, for fixed t and h, we denote 

K,h = {(x,y) \ (x,y) E Kp r , u(x,y,t) > h}. 
We sometimes abuse the notations of B~ and C~ , since there are equivalent. 

Lemma 3.1 Suppose that u(x,t) > be a solution of equation (1.5) in C~ 
centered at (0, 0) and 

mes{(x,t) e C~, u > 1} > ]-mes(C~), 

then there exist constants a, {3 and hi, < a, (3, hi < 1, where hi only 
depends on ji, such that for almost all t G (— or 2 , 0) and < h < hi 

mes{J\f t ,h} > -^mes{Kp r }. 

Proof: Let 

w = ln + (— J-r), 
u + h» 

where h is a constant, < h < 1, to be determined later. Then v at points 
where v is positive, satisfies 

(3.1) d x (a(x,y,t)d x v) - a(d x v) 2 + b (x,y,t)d x v + xd y v - d t v = 0. 
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Let 77(5) be a smooth cut-off function so that 

r)(s) = 1, for s < /3r, 

r)(s) = 0, for s > r. 
Moreover, < 77 < f and \rf \ < n_ 2 m r ■ 

Multiplying ry(|a;|) 2 to (3.1) and integrating by parts on K r x (r,t) 
lK 0r v ( x , V, t)dxdy + f* J Kr rf a\d x v\ 2 dxdyds 

< It Ik t rf{d x (a(x, y, t)d x v) + b (x, y, t)d x v + xd y v)dxdyds 
(3.2) + J Kr v(x,y,r)dxdy 

< \Kp r \ + f* J Kr {lv 2 a\d x v\ 2 + xd y vr] 2 )dxdyds 
+ S Kr v ( x i V> r)dxdy, a.e. r, t e (-r 2 , 0). 



Then 



f Kr xd y vrf\ = \J lxl < r xvr] 2 \ 8 /y 8l33r3 dx\ 



< ir- 2 /3- 4 |^ r |ln(/i-s). 

Integrating by t to Ib, we have 

(3.3) I JU^xdyV^l < \^\K Pr \ In(ft-i). 

We shall estimate the measure of the set Nt,h- Let 

u{t) = mes{(x,y)\ (x,y) E K r , u(x,y,t) > 1}. 
By our assumption, for < a < \ 

1 rO r-ar 2 rO 

-r 2 mes(K r ) < / v{t)dt = / v(t)dt + / u(t)dt, 

2 J— r 2 J— r 2 J—ar^ 
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that is 



/-or | 
v(t)dt > (- - a)r 2 mes(K r ), 
-r' 2 2 

then there exists a r G (— r 2 , -ar 2 ), such that 

M r ) — ( ~~ a)~ 1 mes(-K" r ). 

By noticing v — when tt > 1, we have 

/" 1 9 

(3.4) / f (x, y, r)dxdy < -(1 — a)~ 1 mes(K r ) ln(/i _ 5 ). 

Now we choose a (near zero), and (3 (near one), such that 

114 

(3 ' 5) W + 2/3 4 (l - a) " 5' 

and fix them from now on. 

By (3.2), (3.3), (3.4) and (3.5), we deduce 

lK f3r v ( x ^y^) dxd y 



(3.6) 

^4(1-/3)- r 

When ^ A/" t ,/i„ we have 



< [wSw + fln^-I^me^). 



then 



Since 



ln(— )mes(Kp r \ N t , h ) < f v(x,y,t)dxdy. 

Ail J K r 



C + |ln(/i-f) 9 



as /i — > 0, 



ln^- 1 ) 10' 
then there exists constant hi such that for < h < hi and t G (— ar 2 , 0) 

mes{Kp r \J\f t ,h) < ^jmes(Kf3 r ). 
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Then we proved our lemma. 

Let x( s ) be a C°° smooth function given by 

X(s) = 1 if s< elr, 
x (s) = if s > r, 

where 9 > is a constant, to be determined in Lemma 3.4, and 9& 
Moreover, we assume that 

and for any f3i, (3 2 , with 9^ < f3\ < (3 2 < 1, we have 



|x'(s)| >C7(A, ) 8 2 )r- 1 >0, 

if /?iT < s < /5 2 r. 

For (x, y) e R 2 , t < 0, we set 

3 

Q = {(x,y,t)\ -r 2 <t<0,\x\< T -, \y\ < j}. 
We define the cut off functions by 

Mx,y,t) = x([0 2 y 2 -Qtr i } 1 e), 

<j>!(x,y,t) = x(0\x\), 

(3.7) 4>{x,y,t) = Mi- 

Lemma 3.2 By the definition of (p and the above arguments, we have 

(3.8) (xd y - d t )Mz) < 0, for z e Q. 

And since 9^ < |, we have 
(1) <j>(z) = 1, in B^, 
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(2) supp0n{(x,y,t)|(x,y) G R 2 ,t <0}CQ, 

(3) there exists a constant a±, < ot\ < minjo; 
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} ; such that 



{(x,y,t)\ - a x r 2 < t < 0, (x,y) G K Pr } C supp0, 



moreover, < (f>o(z) < 1, /or z G {(#, y, t)\ — a±r 2 < t < —Or 2 , (x, y) G Kp r }. 
Proof: By the definition of (f> , we attain 



(xd y - d t )(j)o = x'([0 2 y 2 ~ §tr^)\[6 2 y 2 - 6tr 4 ]-§[6r 4 + 29 2 xy] < 0. 



When 9 < |, we can check that obviously (1) holds. We notice that either 
\ x \ > ^) or \y\ > y, or i < — r 2 , then vanishes, hence we obtain (2). When 
(x, y) G Kpr, then 0i > and we can choose 9 < ^ and t small, for example, 
t > — a^ 2 , such that 9 2 y 2 — 6tr 4 < r 6 , then we obtain (3). 

Now we have the following Poincare's type inequality. 

Lemma 3.3 Let w be a non-negative weak sub-solution of (1.5) in £>f . Then 
there exists an absolute constant C , such that for r < 9 < 1 



where Y is the fundamental solution of L , and is given by (3.7). 
Proof: We represent w in terms of the fundamental solution of T, i.e. 



(3.9) 




where I = sup B - I\{z), and 



(3.io) h(z) = /_[-r(z,c)^(C)(^-9 T )0(C)-9|0(C)r(z,cV(C)]rfC, 



<p(z) = - f T(z,()L ip(()dC, \/<p G C™(R 2+1 ) 

J R 2 + L 
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By an approximation of and integrating by parts, for z G B e , n we have 

= Is- r K W)(C), d^(z, 0) - r(z, ()(td v - ajMXCM 

(3.11) 

= 7 1 (z) + 7 2 (z) + 7 3 (z), 

where 

7^)= / [-r(z,c)^,-9 T )0 + (^,^r(z,c)>^ + r(z,c)(^,^0)]dC, 

7 2 (z) = J B -[((l-a)d^w,d^(z,C))<p-T(z,C)((a + 1)0^,0^) 

6 

+T(z, ()(f>b dsw}d( = 7 21 + 7 22 + 7 23 , 



and 



h{z) = f _[(adtw,dz(r(z,()<f>)) -T(z, O^bod^ + Cdr,-d T )w}dC 



Note that supp0f|{ r < 0} C QcBr,zE B 9r and (d^<p, d^T(z, ()) vanishes 
in a small neighborhood of z. Integrating by parts we obtain h(z) as in 
(3.10). 

From our assumption, w is a weak sub-solution of (1.5), and is a test 
function of this semi-cylinder. In fact, we let 

'1 r < 0, 

x(t) = < 1 — nr < t < 1/n, 
r> l/n. 

Then x{r)(f)T(z, can be a test function (see [6]). As n — > oo, we obtain 
0r(z, C) as a legitimate test function, and 7 3 (z) < 0. Then in Bg r , 

0<(w(z)-I ) + <I 2 (z). 
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By Corollary 2.1 we have 

(3.12) ll^iH^-) < C6r\\I 2 i\\ L 3 {B - r) < C9r\\d^w\\ L 2 {B - y 

Similarly 

||^|| L 2 (B -) < C9 2 r\\d ( w\\ L 2 (B - z) , i = 2,3 
then we proved our lemma. 



Now we apply Lemma 3.3 to the function w = In g-. If u is a weak 

solution of (1.5), then w is a weak sub-solution. We estimate the value of I Q . 



Lemma 3.4 Under the assumptions of Lemma 3.3, there exist constants 9, 
A , A < 1 only depends on constants a and f3, such that for r < 9 

(3.13) |7 | < A m(/rt). 

Proof: We first come to estimate the second term of h(z) and as before, 
denote z = (x, y, t) and ( = (£, i], r). Note z G B$ r , we have 

WIW)|r(z,cH^C 

< r 2 SM^ esupp(9c0) |9|0|(C)ln(/i-^). (By (2.3)) 
We only need to estimate |<9|0i|. Since 

l^il = \0x'm\)dM < 40r-\ 1^1 < C9\'\ 

Hence 

| I _[-d 2 ^Y{zX)w]dC\ < C 3 9 2 \n(h~ 1 *) 

where C3 is an absolute constant. 

Now we let w = 1, then for z G Bg r , (3.11) gives 

(3.14) 1 = Ib- l-hT(z, 0(Zd v - d T )Md( + S B - [-W)r(*, CM- 
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By (3.8) in Lemma 3.2, we know that 

-0 1 r(^,c)(^-«9 r )0 o >o. 

We only need to prove —<piT(z, C)(£<9»7 — <9t)</>o has a positive lower bound in 
a domain which w vanishes, and this bound independent of r and small 9. 
So we can find a Ao, < Ao < 1, such that this lemma holds. 

For z G Bg r , set 
(3-15) 

C G Z = {(£, 77, r) | - a x r 2 < r < -^r 2 , (£, 77) G w(£, 77, r) = 0}, 
then by Lemma 3.1, |Z| = C(a 1: j3)r & . 

We note that when ( = (£,?7,t) G Z and # < ^, = 0, 0i(C) = 1, 

and 

\x'([0 2 y 2 ~ Qtr^>)\ > C{a 1 )r~ 1 > 0. 

Consequently 

/ z [-&r(*,C)(^-8r)to] ^ 

= - / z 0ir(z, C)x'([^V - 6rr 4 ]5)|[#V - 6rr 4 ]"t [6r 4 + 2^ 2 ^]dC 
> C( ai ) S z r- 2 T((- 1 o OR = C(a, /3) = C 4 > 0, 

where we have used F(z,Q > CV -4 , as t < — ^r 2 and z G S^,. In fact, by 
(2.2) one can obtain this result easily. 

By (3.14) and 

I (z) = sup / [-T(z, CMOtfS, - 9 T )0(C) - 5|0(C)r(z, CMCM, 
we have 

(3.16) |/ | < (1 - C 4 + C 3 # 2 ) ln(/T5) + C 3 # 2 ln(/T5). 
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We can choose a small 9 which is fixed from now on, such that |/o| < 
Aoln(/i _ 5) ; where < r < 9, and < Ao < 1 which only depends on a 
and (5. 

The following two Lemmas are similar to those in [8], we give them for 
completeness. 

Lemma 3.5 Suppose that u > is a solution of equation (1.5) in B~ cen- 
tered at (0,0) and mes{(x,y,t) E B~ , u > 1} > ^mes(B^). Then there exist 
constants 9 and h , < 9, h < 1 which only depend on \ and fi, such that 

(3.17) u(x,y,t) > h in Bg r . 

Proof: We consider 

w = ln+ ( rr)> 

u + n» 

for < h < 1, to be decided. By applying Lemma 3.3 to w, we have 




Let u = \ , then u satisfies the conditions of Lemma 3.1. We can get similar 
estimates as (3.2), (3.3), (3.4) and (3.5), hence we have 

(3.18) < CM^-jj^ + I Hh-l)}mes(K^ r ) 

<C{9,fi,P)Hh-*), 

where 9 has been chosen. By L°° estimate, there exists a constant, still 
denoted by 9, such that for z G B$ r , 

(3.19) w-I <C(fji,P)Qn(h~*))*- 
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Therefore we may choose ho small enough, so that 

CV,/3)(ln(4))^ < ln(^r) - A ln(4)- 
hi 2hl hi 



Then (3.13) and (3.19) derive 



hp . 1 
max q- < 



B or u + hl 2hl 

9 

which implies min B - u > hfi, then we finished the proof of this Lemma. 

Lemma 3.6 Suppose that u is a weak solution of equation (1.5) in B~ , then 
exists constant hi, < hi < 1, such that 

(3.20) Osc B -u < h 2 Osc B -u, 



Br 



where 9 is given in Lemma 3.5. 

Proof: We may assume that M = max B - (+m) = max B -(— u), otherwise we 
replace u by u — c, since u is bounded locally. Then either 1 + or 1 — -^ 
satisfies the assumption of Lemma 3.5, and we suppose 1 + does, thus 
Lemma 3.5 implies that there exists ho > such that 

ii 

inf (1 + — ) > h , 

B- r M 

that is u > M(h — 1), then 

h 

Osc B -u < M — M(h - 1) < (1 - -j)Osc B -u, 
where we can let h 2 = (1 — ^f). 

Proof of Theorem 2.2. By the standard regularity arguments, for 
example, see Chapter 8 in [4], we can obtain the result near point (0,0). 
By the left invariant translation group action, we know that u is C a in the 
interior. 
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4 Proof of Main Theorem 



By Theorem 2.2 and a variable transformation (see [9]), we can prove Theo- 
rem 1.1. 

Proof: Since d x b(x, y, t) ^ 0, let 6 = £, y = r], and t — r, then 

d__(ttd_ d__d_ + db_d_ d_ d_ + dbd_ 
dx dx <9£ ' dy drj dy d£ ' dt dr dt d£ ' 

and the equations (1.1) can be written as 

lN db d . db d . ,,196 96. 9 _ 

(41) & ae (0 & ae + (6o & + { fl» " w'ae" + ~ 9t * = °' 

From the implicit function theorem, we know (x,y,t) :— > (£,?7,t) is a C 2 
diffeomorphism, and £ = (^§^p^) _1 , hence the above equation can attain 
(4.2) 

d .db db d , r d 2 x .db - db ^db db, d _ 
that is 

d „ d ~ d 
(4.3) —{a—u) + bo—u + £d r] u-d T u = 0, 

where a = £ af , and 6 = ag(g)» + 6 f + £g - f . 

In a fixed bounded domain, a E L°° and 6 G by Theorem 2.2 the 
weak solution of (4.3) is Holder continuous. 

We give an immediate corollary. Let x = (x±, . . . , x m ), y = (y 1 , . . . , y n ) 
and m > n. 
(4.4) 

m m n 

Lu= J2 d Xi (a ij (x,y,t)d X:j u)+^2bQ(x,y,t)d Xk u+J2bi(x,y,t)dy l u-d t u = 0, 

i,j=l k=l 1=1 

and we assume: 



18 



[H.l] the coefficients a^, 1 < i,j < m, are real valued, measurable func- 
tions of (x,t). Moreover, = G L os {R m+n+1 ) an d there exists a ji > 
such that 

mm i m 

1=1 ij=l p 1=1 

for every (x,y,t) G R m+n+1 , and £ G i? m . 

[H.2] bi G L°°(ft), 6, G C 2 (Q), and I^U, |&,| c2 < J, where j = 1, . . . ,m 
and / = 1, . . . , n. There exists u, ■ ■ ■ , i n , such that q where 

' ' 1) ) 71) d(xi 1 ,...,x in ) ' ' 

ij G {1, . . . , to}, j — 1, . . . , n and i± < • • ■ < i n . 

Corollary 4.1 Under the assumption [H.l] and [H.2], the weak solutions of 
(4-4) are Holder continuous. 
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